Let E be a principal torus bundle over the surface Σ g of genus g. Using the Seiberg-Witten theory we prove that E carries no symplectic structure provided that g > 1 and the Euler class (m, n) of the bundle satisfies the relation mn = 0.
Introduction
Let E be a closed 4-manifold. The problem whether E admits a symplectic structure is in general very difficult. A powerful tool to deal with the problem is the Seiberg-Witten theory. In 1994 Taubes ([TA1] , [TA2] ) proved the following strong theorem which yields obstruction to existence of symplectic forms.
Theorem 1.1 Let X be a closed 4-manifold with b + > 1 and a symplectic form ω. Then there is a canonical Spin c structure ξ on X such that SW X (ξ) = ±1 and det(ξ) is the canonical line bundle K of (X, ω). Moreover, if SW (α) = 0 (i.e. α is a basic class), then The theorem can be applied to decide whether E is symplectic in the following way. If all values of SW-invariants are different from ±1, then E admits no symplectic structure. For example, #3CP 2 admits no symplectic structure although it possesses almost complex structure and positive second Betti number.
We are interested in the question which surfaces bundles over surfaces support symplectic structures. If the fiber is different from a torus, Thurston theorem [TH1] gives a symplectic form on E. If the fiber is the torus, the situation is more complicated. If the base is the sphere S 2 , then all torus bundles are principal and only the trivial bundle admits a symplectic structure, as for nontrivial bundles we have b 2 = 0. If the base is the torus, then Geiges ([G] ) showed that the total space always supports a symplectic form. The case when base is a surface with genus g > 1 is still unsolved in general. Recently Etgü proved in [E] that the principal torus bundle over Σ g admits no symplectic form if g > 1 and the Euler class (n, m) = (0, 0) satisfies mn = 0 (cf. section 2). In this note we prove the following theorem which extends her results.
−→Σ g be a principal fibration over the surface Σ g , where g > 1. If the Euler class (m, n) of the fibration satisfy the relation mn = 0, then E is not a symplectic manifold.
The principal motivations for us was the following Conjecture 1.3 (Taubes) Let M be a closed, oriented 3-manifold such that S 1 × M admits a symplectic structure. Then M fibers over S 1 .
We were interested in slightly stronger version of the Taubes conjecture (see [B2] ): Conjecture 1.4 Let E be a closed 4-manifold equipped with a free (locally free) circle action admitting a symplectic structure. Then the quotient E/S 1 fibers over S 1 .
Total spaces of a principal torus bundle over surfaces of genus g > 1 form the natural class to check the conjecture 1.4 Indeed, dividing E by the action S 1 ֒→ T 2 we would have obtained the manifold E/S 1 which is a nontrivial circle bundle over Σ g , g > 1. It is known (see for example [E] , Lemma 3.8) that E/S 1 cannot fiber over S 1 . This lemma can be also proved by a shorter argument using a Thurston theorem [TH2] . Observe that there exist a set of smoothly embedded tori representing the base for H 2 (E/S 1 , Z) ∼ = Z 2g . It follows that the Thurston norm vanishes identically on H 2 (E/S 1 , Z). Now if E/S 1 fibers over the circle then the fiber must be the sphere or the torus. Since we have 4 ≤ 2g = b 1 (E/S 1 ) ≤ 3 the claim follows.
This note has the following structure. We start with an observation that only 0 ∈ H 2 (E, Z) can be basic class. In order to prove this we use similar reasoning as in [E] . It is based on the following two results. Theorem 1.5 (Baldridge [B2] ) Let E be a closed smooth 4-manifold with b + > 1 and a free circle action. Then the orbit space M 3 is a smooth 3-manifold and suppose that χ ∈ H 2 (M, Z) is the Euler class of the circle action on E. If ξ is spin c structure over E with SW 4 E (ξ) = 0, then ξ = π * (ξ 0 ) for some spin c structure on M and
(1.1) Theorem 1.6 (Mrowka, Ozsváth, Yu [MOY] ) Let M be the S 1 -principal bundle over a surface B of genus g ≥ 1 with Euler class nλ, where λ is the (positive) generator of
, where π is the projection. Moreover, we have
where pr 2 is the projection S 1 × B → B.
Then we write an explicit formula for the SW-invariant of M using a formula from [MOY] in a more convenient form given in [B1] . Theorem 1.7 (Baldridge [B1] ) Let π : M → Σ g be the total space of a circle bundle over a genus g surface. Assume c 1 (M ) = nλ where λ ∈ H 2 (Σ g , Z) is the generator and n is an even number n = 2l = 0, then the Seiberg-Witten polynomial of M is
where t = exp(π * (λ)) and defining the binomial coefficient p q = 0 for q < 0 and q > p. For the formula where n is odd, replace l by n and t 2i by t i .
We modify the formula 1.1 by writing down an explicit expression which computes SW E (0) and we prove that under our assumptions it is always even. It yields that E is not symplectic due to the Taubes theorem 1.1.
The proof
Each T 2 -principal bundle is obtained by pulling back the universal bundle ET 2 → BT 2 . Since BT 2 is homotopy equivalent with BS 1 × BS 1 , therefore T 2 -principal bundles over surface Σ g are classified by a pair (m, n) of two integers.
The torus fibration E → Σ g can be decomposed as a principal S 1 bundle over 3-manifold M which is itself a S 1 -principal bundle over Σ g . This goes as follows: take a S 1 principal bundle S 1 → M π ′ −→Σ g over Σ g with the Euler class equal to nλ, where λ ∈ H 2 (Σ g , Z) is the orientation class. Now we take a S 1 principal bundle over M with the Euler class equal to m · π ′ * λ. It is clear that the total space of the last fibration is diffeomorphic to E. A simple calculation shows that b + (E) > 1.
We check that only 0 ∈ H 2 (E, Z) can be basic class. The idea here is to modify slightly the argument in [E] . First notice that a basic class cannot be a nonzero torsion class. This is a direct consequence of the second part of the Taubes theorem (1.1). This class cannot be non-torsion because all the basic classes of M are torsion (by the first part of 1.6) and 1.5 shows that basic classes of E are included in set π * S, where S is a subgroup of H 2 (M, Z) defined by
(2.1) Theorem 1.7 also gives an explicit formula to count the Seiberg-Witten invariant of the zero class. First observe that Seiberg-Witten invariants of M are given as coefficients of the Seiberg-Witten polynomial exhibited in a very convenient form in 1.7. Next take ξ 0 = 0 and χ = m · π ′ * λ in formula 1.1 and notice that in order to count SW E (0) we have to take all nonzero SW-invariants of classes i · π ′ * λ where i is multiplicity of m in
Explicitly,
when n is even, and
when n is odd, where
We want to show that the sum is always even. In order to prove it, we will consider two cases.
n odd
Summands of the sum i∈A 2g−2 k=−(2g−2) 2g − 2 (g − 1) + i + k|n| are in bijective correspondence with the set
and u is a natural number. To see this just fix k = −(2g − 2) and substitute 0, gcd(|m|, |n|), . . . , |n| − gcd(|m|, |n|) successively for i, increase k by one, substitute again 0, gcd(|m|, |n|), . . . , |n| − gcd(|m|, |n|) successively for i, etc.
all nonzero members of B may be represented as a sum of pairs 2g − 2 r , 2g − 2 2g − 2 − r | r = g − 1, r ∈ C and a single element
It suffices to show that 2g − 2 g − 1 is an even number provided that g > 1. This is obvious since
n even
The case when n is even and m is odd is proved in exactly the same way as before and will be omitted. Therefore without loss of generality we can assume that m is also even. We have 2 | gcd(|m|, |n|), so we shall examine the parity of the sum i∈A 2g−2
where A is defined as in the previous case. Let us divide the sum into two summands: 2g − 2 (g − 1) + i + k|n| .
By the same reasoning as in the case where n is odd we deduce that this sum is even. As for the second sum, similarly as in the previous case, we notice that elements of this sum are in bijective correspondence with the set
where
and u is a natural number. Observe that
and that all nonzero members of B ′ are distributed symmetrically with respect to 2g − 2 g − 1 .
To be more precise: if
as well. Naturally, we have z + y = 2g − 2. QED The theorem we have just proved can be slightly generalized. Namely, we do not need the Euler class to be included in S (see 2.1). If we then assume that χ ∈ S, then the formula for SW E (0) (observe that the same argument as before yields that only the zero class can be the only basic class) simplifies significantly. This is due to the fact that H 2 (M, Z) decomposes as S ⊕ Z 2g . It follows that if χ ∈ S, then intersection of S with group generated by χ equals to {0}. This in turn gives formulas SW E (0) = sign(n) when n is odd. Similarly as before we prove that the sums are always even provided that g > 1 and n = 0.
We soon expect to decide which torus bundles over surfaces (not necessarily principal) admit a symplectic structure.
